It is proved that for any free A-modules F and E of finite rank on some C-algebraized space (X, A) a degenerate bilinear A-morphism Φ : F × E −→ A induces a non-degenerate bilinear A-morphism Φ : F/E ⊥ × E/F ⊥ −→ A, where E ⊥ and F ⊥ are the orthogonal sub-Amodules associated with E and F, respectively. This result generalizes the finite case of the classical result, which states that given two vector spaces W and V , paired into a field k, the induced vector spaces W/V ⊥ and V /W ⊥ have the same dimension. Some related results are discussed as well. (2000): 47A07.
Introduction
The goal of this paper is to provide additional steps for developing classical symplectic geometry within the setting of Abstract Differential Geometry (ADG in short) (à la Mallios), cf. [3] and [4] . The attempt of taking ADG to new horizons, such those related to classical symplectic geometry was initiated in the our paper [5] . The main result in the article [5] is that given an ordered R-algebraized space (X, A, P, | · |), the standard free A-module A n of rank n on X, there exists for every open subset U of X a basis B(U) of A n (U), relative to which the matrix of a non-zero skew-symmetric and non-degenerate bilinear sheaf A-morphism ω ≡ (ω U ) : A n ⊕ A n −→ A is the matrix 0 I n −I n 0 .
In order to aptly pursue the goal of our ongoing research project, we are laying some ground work, regarding pairings of sheaves of A-modules. Duality and pairings of A-modules, as we will see in our subsequent work, are a necessary prerequisite for the layout of Abstract Symplectic Geometry. In this article, the most important results are contained in Theorems 2.3 and 2.4. Theorem 2.3 contends that given A-modules F and E, paired into A such that the left kernel E ⊥ = 0, one may find natural A-isomorphisms into E/F ⊥ 0 −→ F * 0 , and E ⊥ 0 −→ (E/E 0 ) * for sub-A-modules F 0 and E 0 of F and E, respectively. In the special case where F and E are free A-modules of finite rank, if Φ : F × E −→ A is bilinear, then F is A-isomorphic to E provided that Φ is non-degenerate, and if Φ is degenerate, it induces a non-degenerate A-morphism
Theorems on ranks of free A-modules
Let E ≡ (E, π, X) and F ≡ (F , ρ, X) be two A-modules on a topological space X, and let 
Γ(E) ≡ (Γ(E)(U) ≡ Γ(U, E) ≡ E(U)
where U is open in X and restriction maps are maps λ 
t), for all s ∈ E(U) and t ∈ F (U). Thus, (1) yields a Γ(A)-presheaf on X, which we denote S ≡ Γ(E + F ) := Γ(E) + Γ(F ).
The A-module E + F := S(S) ≡ S(Γ(E) + Γ(F )) generated by the presheaf S is called the sum of A-modules E and F .
The reader will have no difficulty in proving that the sheaf E + F is indeed an A-module, and S is complete. Theorem 1.1 Let E be an A-module on a topological space X, F and G be sub-A-modules of E. Then,
is the complete presheaf of sections of E, and
(the σ U V are the obvious restriction maps, given by 
given by
For every fixed open U ⊆ X, the union of the cosets
But, for all elements s ∈ G(U), with U as above, i.e. an open set in X, we have
By elementary algebra, we construct the canonical A(U)-isomorphism 
we obtain the sought A-isomorphism
In the special case that E = F ⊕ G, it follows for any open U ⊆ X, cf.
where U is any arbitrary open set in X. It thus follows that
Before we proceed to some more theorems on A-modules, let us define what is meant by free sub-A-modules of a free A-module. Definition 1.1 Let E be the free A-module A (I) := ⊕ I A, where I is an arbitrary indexing set, and let F ⊆ E be a sub-A-module of E such that
for all x ∈ X, and where J is a subset of I. F is called a free sub-A-module of E, and is easily identified with the free A-module A (J) . The free sub-Amodule G := A (I\J) is called a free sub-A-module supplementary to F . It is obvious that E = F ⊕ G. The fibers of G are A x -modules
, is also immediate. In effect, let E be a free A-module on a topological space X, viz. E ∼ = A (I) , where I is arbitrary, and let F be a free sub-A-module of E. If G is a free sub-A-module supplementary to F in E, we have that rank E = rank F + rank G, and since G ∼ = E/F , one obtains rank E = rank F + rank E/F .
Let now F 1 ⊆ F 2 ⊆ F 3 be free sub-A-modules of a free A-module E. For some free sub-A-modules G 2 and G 3 of E, we have
and, therefore,
By virtue of Theorem 1.1, G 2 , G 3 and G 2 ⊕ G 3 are A-isomorphic to F 2 /F 1 , F 3 /F 2 and F 3 /F 1 , respectively; consequently
Thus, we obtain
Let now F and G be two given free sub-A-modules of a free A-module E. For
Adding rank (F ∩ G) to both sides of the last equation, and using the fact that
we obtain rank (F + G) + rank (F ∩ G) = rank F + rank G.
Next, we put in Equation (2)
If we add rank E/(F + G), and use the equation (2) to obtain the last equation.), we obtain
2 Let E be a free A-module on a topological space X, and F a free sub-A-module of E such that its supplement is a free sub-A-module of finite rank. The rank of the free sub-A-module E/F is called the corank of
The above various results can be expressed as follows:
2 Let E be a free A-module on a topological space X, and F and G free sub-A-modules of E. Then,
2 Pairings Definition 2.1 Let (X, A) be a C-algebraized space, and let E and F be A-modules on X. We say that F and E are paired into A,
We notice for any A-module E on X, E * and E are paired into A by the bilinear ΓA-morphism ϑ : 
for all i ∈ I. An element s ∈ E(U) is written uniquely in the form s = i∈I s i r i , where 0 = r i ∈ A(U) holds only for finitely many indices i. Then,
Now, assume that the restriction maps for the presheaf of sections of E (resp. A) are given by ρ U V (resp. σ 
is known if all the a i ∈ A(U) are known.
Select conversely an a i ∈ A(U) for each index i, and define
, s ∈ E(U) and s = i∈I s i r i , where {s i } i∈I is a basis of E(U). The sum i∈I a i r i is finite since only finitely many r i are non-zero. That φ U (s + t) = φ U (s) + φ U (t), and φ U (sa) = φ U (s)a for all s, t ∈ E(U), and a ∈ A(U) is immediately clear. Since s i = j∈I s j δ ji , where, as usual δ ii = 1 ∈ A(U) and δ ji = 0 for j = i,
where U is open in X, then for arbitrarily chosen sections a i ∈ A(U), there is one and only one φ ∈ E * (U) such that
As above let E be a free A-module on a topological space X, viz. E = A (I) within an A-isomorphism, and let {s i } be a basis of
, where α i ∈ A| U for all i ∈ I, and only finitely many α i are non-zero. Since there are as many φ i as there are s i , we get that dim
for any open U ⊆ X. Next, if s = i∈I s i a i ∈ E(U), where U is a fixed open subset of X, and s = 0, then at least one a j = 0, so that φ j (s) = 0. By definition of E * , we know trivially that only the zero section vanishes on all of E(U). Now, we see an analogue: If s ∈ E(U), and φ(s) = 0 for all φ ∈ E * (U), then s = 0.
Hence, we have
, where
Turning over to pairings of A-modules, we suppose that A-modules F and E, defined on a topological space X, are given and form a pairing into A.
Definition 2.2 Let
U be an open subset of X, t ∈ F (U) and s ∈ E(U). We say that t is orthogonal to
Lemma 2.1 Let [F , E; A] be a pairing in which F and E are A-modules on a topological space X, and let F 0 and E 0 be sub-A-modules of F and E, respectively. Furthermore, let
for all open U ⊆ X, and let (F (U), ρ U V ) and (E(U), π U V ) be (complete) presheaves of sections of F and E, respectively. The sheaf generated by the presheaf, given by the correspondence
where U is an open subset of X, along with restriction maps
is a sub-A-module of F (resp. E ), and is called the sub-A-module orthogonal to E 0 (resp. F 0 ). We will denote by 
Also very important is our attempt, we are concerned with now, of obtaining the kernel of an A-morphism φ : E −→ F of A-modules (E and F are defined on a topological space X) as the sheafification of some presheaf of A(U)-modules on X. The kernel of φ, denoted here Conversely, let s ∈ ker φ U ⊂ E(U) ≡ Γ(U, E). Then, φ x (s(x)) := φ U (s)(x) = 0 for x ∈ U; consequently s(x) ∈ (Kerφ) x for x ∈ U. Since s ∈ E(U), it follows that s ∈ (Kerφ)(U). Thus, ker φ U ⊆ (Kerφ)(U) for every open U ⊆ X; hence ker φ U = (Kerφ)(U) for every open U ⊆ X.
Lemma 2.3 Let E and F be A-modules on a topological space
We deduce from the above that ker φ = Γ(Kerφ), and the proof is finished.
We are ready now for one important result regarding pairings of Amodules. Let E and F be A-modules on a topological space X, and 
is an A(U)-homomorphism. In fact, for all t ∈ E(V ), where V is open in U, and all a ∈ A(U) and r, s ∈ F (U), we have
ker Φ U = {r ∈ F (U) : φ r (t) = 0 for all t ∈ E(V ), where V is open in U}.
Since we assumed that 
, the restriction maps are defined as follows:
Hence, for r ∈ F (U) and
commutes, and consequently Φ ∈ Hom Γ(A) (Γ(F ), Γ(E * )). Through the sheafification functor S, and on the basis of Mallios [[3] , (13.19), p.75], we have that
is an A-isomorphism into.
Similarly, suppose that F ⊥ = 0; let Ψ U be the A(U)-map, given by
and an open V ⊆ U. For r, s ∈ E(U), a ∈ A(U) and t ∈ F (V ), where as above V is open in U, we have
for any open U ⊆ X. Hence, every Ψ U is an A(U)-isomorphism into. As in the previous case, the family Ψ ≡ (Ψ U ) X⊇U, open is a Γ(A)-isomorphism into of presheaves Γ(E) and Γ(F * ). Consequently,
Let us make a short breach here for the following useful lemmas.
Lemma 2.4 Let (X, A) be a C-algebraized space, and
within an A-isomorphism.
Proof. Sheaves S(E × F ) and S(E) × S(F ) clearly have the same stalks at every x ∈ X. Therefore the underlying sets of S(E × F ) and S(E) × S(F ) are the same. It remains only to show that the topology making S(E × F ) into a sheaf is the same as the topology which defines the sheaf structure on S(E) × S(F ). The topology of S(E × F ) is the topology generated by the basis
is if and only if it is of the form
where s 1 ∈ E(U) and s 2 ∈ F (U). It follows that
for any open subset V ⊆ U ≡ Dom(s). Besides,
are bases for the topologies of S(E) and S(F ), respectively, therefore the topology of S(E × F ) is equivalent to the topology of S(E) × S(F ); thus the proof is finished.
be presheaves of A(U)-modules on a topological space X. Suppose that a map φ ∈ Hom PSh X (E × F, A) is given, and E := S(E), F := S(F ), and A := S(A), where S : PSh X −→ Sh X is the sheafification functor. Then, if φ is bilinear, i.e. every φ U :
Proof. First, let us make the following comment. Given a presheaf S ≡ (S(U), ρ U V ) on a topological space X, the sheafification of S hinges for every open subset U of X on the corresponding map ρ U : S(U) −→ Γ(U, S) ≡ S(U), which associates with every s ∈ S(U) the section ρ U (s) ≡s ∈ S(U). In the special case where S is a presheaf of A(U)-modules, maps ρ U are A(U)-homomorphisms, so that ρ(s + t) ≡ s + t =s +t ≡ ρ U (s) + ρ U (t), for all s, t ∈ S(U). Thus, we have the following.
Given that S is a functor, the diagram
, and κ U : A(U) −→ A(U) are the (canonical) maps defining the respective sheafifications, is commutative, and one has Equation (3). For s, s ′ ∈ E(U) and t ∈ F (U), where U is an open subset of X, it is easy to see that
Likewise one shows linearity in the second component, and that is the end of the proof. 
That this multiplication is well defined is easy to see. In fact, suppose
, so t(s − s 1 ) = 0, i.e. ts = ts 1 . It is also easy to see that the multiplication (4) is bilinear, thus we have the pairing
In turn, if we let U run over the open subsets of X and every multiplication
is given as in Equation (4), we obtain a Γ(A)-morphism 
within an A-isomorphism, it follows through the sheafification functor and from Lemma 2.5 that the A-morphism 
since t is arbitrary, s ∈ F ⊥ 0 (U), so thats = 0. Therefore, the right kernel of our pairing is 0, as desired, and F 0 is the sheafification of the presheaf
Furthermore, for every open U ⊆ X, we can construct, using the previously established method, an A(U)-isomorphism into
consequently through the sheafification functor we have an A-isomorphism into:
If E 0 is a given sub-A-module of E, we can also define a natural pairing
Likewise, we obtain an A-isomorphism into:
We may formulate our results as follows.
Theorem 2.3 Let F and E be A-modules on a topological space X paired into a C-algebra sheaf A, and assume that E ⊥ = 0. Moreover, let F 0 be a sub-A-module of F and E 0 a sub-A-module of E. There exist natural Aisomorphisms into:
Now, as a special case assume in the pairing [F , E; A] of Theorem 2.3 that both F and E are free A-modules of finite rank m and n respectively. Suppose that φ : F × E −→ A is the bilinear morphism which defines the pairing. Define A-morphisms γ : E −→ F * = F and δ :
for all s ∈ E(U) and t ∈ F (U), where U is an open subset of X. For every open subset U of X, ker γ U = F ⊥ (U) and ker δ U = E ⊥ (U); therefore
within A-isomorphisms respectively. The A-morphism φ is said to be nondegenerate if E ⊥ = F ⊥ = 0, and degenerate otherwise.
If E ⊥ = F ⊥ = 0, γ and δ are injective, or equivalently γ x : E x −→ F x and δ x : F x −→ E x are injective for every x ∈ X, cf. Mallios [[3] , Lemma 12.1, p.60]. It follows clearly that m = n, i.e. F is A-isomorphic to E.
On the other hand, suppose that E ⊥ and F ⊥ are not all zero. For this case, we will need the following lemma.
Lemma 2.6 Let
Assume that
) is a presheaf on X. Then, if E ≡ S(E) and A ≡ S(A), one has that
Proof. Let U be an open subset of X; S(E ⊥ )(U) consists of elements (in fact (local) sections)t ≡ ρ U (t), where t ∈ E ⊥ (U) and ρ U : E ⊥ (U) −→ Γ(U, S(E ⊥ )) ≡ S(E ⊥ )(U) is the canonical map obtained through the sheafification process, see Mallios[[3] , (7.22), p. 32]. Let F ≡ S(F ), and denote by Φ the bilinear A-morphism Φ : F × E −→ A induced by the presheaf morphism Φ, see Lemma 2.5. But, for all t ∈ E ⊥ (U) and s ∈ E(U), we have Φ U (s,t) = Φ U (s, t) = 0, which means thatt ∈ S(E)(U) if and only ift ∈ E ⊥ (U); hence S(E)(U) = E ⊥ (U), and the proof is finished.
Getting back to the case where E ⊥ and F ⊥ are not all zero in the pairing [F , E; A], defined by the map Φ : F × E −→ A, and where F and E are free A-modules of finite rank on X, we notice that for every open subset U of X, if t, t 1 ∈ F (U), and t − t 1 ∈ E ⊥ (U), then Φ U (t, s) = Φ(t 1 , s) for all s ∈ E(U). Analogously if s, s 1 ∈ E(U) and t, t 1 ∈ F (U) such that s − s 1 ∈ F ⊥ (U) and t − t 1 ∈ E ⊥ (U), we have Φ U (t, s) = Φ U (t 1 , s 1 ).
we obtain the bilinear A(U)-morphism
given by Φ U (t,s) = Φ U (t, s)
for all t ∈ F (U) and s ∈ E(U). Clearly, that Φ U (t,s) = 0 for alls ∈ E(U)/F ⊥ (U) is equivalent to saying that Φ U (t, s) = 0 for all s ∈ E(U), so that t ∈ E ⊥ (U), andt = 0. Similarly, Φ U (t,s) = 0 for allt ∈ F (U)/E ⊥ (U) is equivalent tos = 0. Hence, (F (U)/E ⊥ (U)) ⊥ = 0 and (E(U)/F ⊥ (U)) ⊥ = 0, i.e. Φ U is non-degenerate. By Lemma 2.6,
since (F (U)/E ⊥ (U)) ⊥ = 0 for all open subset U ⊆ X, it follows that (F /E ⊥ ) ⊥ = 0. Likewise (E/F ⊥ ) ⊥ = 0. Thus, we have Theorem 2.4 Let (X, A) be a C-algebraized space, F and E be free Amodules of finite rank, paired into A through a bilinear morphism Φ : F × E −→ A. The following hold:
(i) If Φ is non-degenerate, then F = E within an A-isomorphism.
(ii) If Φ is degenerate, then F /E ⊥ and E/F ⊥ are paired into A through the A-morphism Φ : F /E ⊥ × E/F ⊥ −→ A, given by Φ U (t,s) = Φ U (t, s)
for all t ∈ F (U), s ∈ E(U), and where U is an arbitrary open subset of X. Moreover, Φ is non-degenerate, i.e.
(F /E ⊥ ) ⊥ = 0, (E/F ⊥ ) ⊥ = 0.
